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Abstract 

We give a necessary and sufficient condition for the maximum multiplicity of a root of the matching 
polynomial of a tree to be equal to the minimum number of vertex disjoint paths needed to cover 
it. 



1 Introduction 

All the graphs in this paper are simple. The vertex set and the edge set of a graph G are denoted by 
V{G) and E[G) respectively. A matching of a graph G is a set of pairwise disjoint edges of G. Recall 
that for a graph G on n vertices, the matching polynomial fi{G, x) of G is given by 



MG,x) = J;(-l)V(G',fc)x"-2^ 



fc>0 

where p{G,k) is the number of matchings with k edges in G. Let mult(0,G) denote the multiplicity 
of as a root of fJ-{G, x). 

The following results are well known. The proofs can be found in [U Theorem 4.5 on p. 102]. 

Theorem 1.1. The maximum multiplicity of a root of the matching polynomial fi{G,x) is at most the 
minimum number of vertex disjoint paths needed to cover the vertex set of G. 



Consequently, 

Theorem 1.2. If G has a Hamiltonian path, then all roots of its matching polynomial are simple. 

The above is the source of motivation for our work. It is natural to ask when does equality holds in 
Theorem 11.11 In this note, we give a necessary and sufficient condition for the maximum multiplicity 
of a root of the matching polynomial of a tree to be equal to the minimum number of vertex disjoint 
paths needed to cover it. Before stating the main result, we require some terminology and basic 
properties of matching polynomials. 
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It is well known that the roots of the matching polynomial are real. If u G V{G), then G\u is the 
graph obtained from G by deleting the vertex u and the edges of G incident to u. It is known that 
the roots oi G\u interlace those of G, that is, the multiplicity of a root changes by at most one upon 
deleting a vertex from G. We refer the reader to [1] for an introduction to matching polynomials. 

Lemma 1.3. Suppose 9 is a root of fj,{G,x) and u is a vertex of G. Then 

mult(^, G) - 1 < mult(0, G\u)< mult(0, G) + 1. 

As a consequence of Lemma 11.31 we can classify the vertices in a graph by assigning a 'sign' to each 
vertex (see [2]). 

Definition 1.4. Let be a root of fi{G,x). For any vertex u € V{G), 

• n is 9- essential if mult(0, G\u) = mult(0, G) — 1, 

• n is 9-neutral if mult(0, G\u) = mult(0, G), 

• n is 9-positive if mult(0, G\u) = mult(0, G) + 1. 

Clearly, if mult(0,G) = then there are no 0-essential vertices since the multiplicity of a root 
cannot be negative. Nevertheless, it still makes sense to talk about ^-neutral and ^-positive vertices 
when mult(^,G) = 0. The converse is also true, i.e. any graph G with mult(0,G) > must have at 
least one ^-essential vertex. This was proved in [21 Lemma 3.1]. 

A further classification of vertices plays an important role in establishing some structural properties 
of a graph: 

Definition 1.5. Let be a root of x). For any vertex u G V{G), u is 9-special if it is not 
^-essential but has a neighbor that is 0-essential. 

If G is connected and not all of its vertices are ^-essential, then G must contain a 0-special vertex. It 
turns out that a ^-special vertex must be 0-positive (see [21 Corollary 4.3]). 

We now introduce the following definition which is crucial in describing our main result. 

Definition 1.6. Let G be a graph and Q = {Qi, . . . , Qm} be a set of vertex disjoint paths that cover 
G. Then Q is said to be {9, G)-extremal if it satisfies the following: 

(a) 6* is a root of fi{Qi,x) for alH = 1, . . . , m; 

(b) for every edge e = {u, v} E E{G) with u G Qr and v G Qs, r ^ s, either u is ^-special in Q,. or v 
is 6'-special in Qs- 

Our main result is the following: 

Theorem 1.7. Let T he a graph and Q = {Qii • • • j Qm} be a set of vertex disjoint paths covering T. 
Then m is the maximum multiplicity of a root of the matching polynomial ijl{T, x), say mult(^, T) = m 
for some root 9, if and only if Q is (9, T)- extremal. 

The following example shows that Theorem 11.71 cannot be extended to general graphs. 
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Example 1.8. Consider the following graph G: 




Let Pj denote the path on 7 vertices. Note that mult(\/3, G) = 2 and ^{Pt,x) = x'^— Gx^+lOx^— 4x. 
By Theorem II .H the maxhxium multiphcity of a root of x) is 2. Also, G can be covered by two 
paths on 7 vertices. However, \/3 is not a root of /i(P7,x). 

2 Basic Properties 

In this section, we collect some useful results proved in [Ij and |2j. Recall that if u G ^(G), then G\u 
is the graph obtained from G by deleting vertex u and the edges of G incident to u. We also denote 
the graph {G\u)\v hy G\uv. Note that the resulting graph does not depend on the order of which 
the vertices are deleted. 

If e G EiG), the graph G — e is the graph obtained from G by deleting the edge e. 

The matching polynomial satisfies the following basic identities, see |T1 Theorem 1.1 on p. 2]. 

Proposition 2.1. Let G and H be graphs, with matching polynomials fj,{G,x) and ii{H,x), respec- 
tively. Then 

(a) fi{GU H,x) = fi{G,x)fi{H,x), 

(b) /u(G, x) = fi{G — e,x) — fj.{G \ uv, x) where e = {u, v} is an edge of G, 

(c) IJ.{G, x) = xfi{G \u,x) — X]i,~u \ ™' ^) f'^''" '^^y vertex u of G. 

Suppose P is a path in G. Let G \ P denote the graph obtained from G by deleting the vertices 
of P and all the edges incident to these vertices. It is known that the multiplicity of a root decreases 
by at most one upon deleting a path, see [21 Corollary 2.5]. 

Lemma 2.2. For any root 6 of fj,{G,x) and a path P in G, 

mult(e, G\P)> mult(0, G) - 1. 

If equality holds, we say that the path P is 6-essential in G. Godsil [2\ proved that if a vertex v is not 
^-essential in G, then no path with v as an end point is ^-essential. In other words. 

Lemma 2.3. If P is a 6-essential path in G, then its endpoints are 0-essential in G. 

The next result of Godsil [21 Corollary 4.3] implies that a ^-special vertex must be ^-positive. 
Lemma 2.4. A 0-neutral vertex cannot be joined to any 6-essential vertex. 
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3 Gallai-Edmonds Decomposition 



It turns out that ^-special vertices play an important role in the Gallai-Edmonds decomposition of a 
graph. We now define such a decomposition. For any root 9 of x), partition the vertex set V{G) 
as follows: 



We call these sets of vertices the 9-partition classes of G. The Gallai-Edmonds Structure Theorem 
is usually stated in terms of the structure of maximum matchings of a graph with respect to its 9- 
partition classes when 6 = 0. Its proof essentially follows from the following assertions (for more 
information, see [5, Section 3.2]): 

Theorem 3.1 (Gallai-Edmonds Structure Theorem). 

Let G he any graph and let Dq{G), Aq{G) and Cq{G) he the 0-partition classes of G. 

(i) {The Stability Lemma) Let u G Aq{G) he a 0-special vertex in G. Then 

• V £ Dq{G) if and only if v £ Dq{G \ u); 

• V G Aq{G) if and only if v £ Aq{G\ u); 

• V G Co(G) if and only if v £ Cq{G \ u). 

(ii) (Gallai's Lemma) If every vertex of G is 0-essential then mult(0, G) = 1. 

For any root 9 of ^(G, x), it was shown by Neumaier 0, Corollary 3.3] that the analogue of Gallai's 
Lemma holds when G is a tree. A different proof was given by Godsil (see [21 Corollary 3.6]). 

Theorem 3.2 ([2], p]). Let T he a tree and let 9 he a root of fj,{T, x). If every vertex ofT is 9-essential 
then mult (61, G) = 1. 

On the other hand, it was proved in [2j, Theorem 5.3] that if 9 is any root of fi{T, x) where T is 
tree and u Dg{T), then v G L)g{T) if and only li v £ Dg[T \u). It turns out that this assertion 
is incorrect (see Example 14.21 below) . However, using the idea of the proof of Theorem 5.3 in [2], we 
shall prove the Stability Lemma for trees with any given root of its matching poynomial. Note that 
the Stability Lemma is a weaker statement than Theorem 5.3 in [2]. Together with Theorem 13.21 this 
yields the Gallai-Edmonds Structure Theorem for trees with general root 9. Recently, Chen and Ku 
[1] had proved the Gallai-Edmonds Structure Theorem for general graph with any root 9. However, 
our proof of the special case for trees, which uses an eigenvector argument, is different from the the 
one given in [4j. We believe that different proofs can be illuminating. For the sake of completeness, 
we include the proof in the next section. 

Theorem 3.3 (The Stability Lemma for Trees). Let T he a tree and let 9 be a root of fi{T,x). Let 



De{G) 
Ae{G) 
Ce{G) 




u £ Ag{T) be a 9-special vertex in T. Then 

• V £ De(T) if and only if v £ Dg(T \ u); 

• V £ Aq{T) if and only if v £ Aq{T\ u); 

• V £ Gq{T) if and only if v £ Cq{T\u). 
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It is well known that the matching polynomial of a graph G is equal to the characteristic polynomial 
of G if and only if G is a forest. To prove Theorem 13. 3| the following characterization of ^-essential 
vertices in a tree via eigenvectors is very useful. Recall that a vector / E mI^(^)I is an eigenvector of 
a graph G with eigenvalue 6 if and only if for every vertex u € V{G), 

ef{u) = Y,f{v). (1) 

Proposition 3.4 ([Gj Theorem 3.4]). Let T he a tree and let 9 he a root of its matching polynomial. 
Then a vertex u is 6-essential if and only if there is an eigenvector f of T such that f{u) ^ 0. 

In fact Proposition 13.41 can be deduced from Lemma 5.1 of The following corollaries are immediate 
consequences of Proposition 13. 4[ 

Corollary 3.5. Let T he a tree and let 9 he a root of its matching polynomial. Let a ^ he a nonzero 
real numher. If f is an eigenvector ofT such that f{u) ^ 0, then there exists another eigenvector g such 
that g{u) = a 7^ 0. Moreover, both g and f have the same support, i.e. {i : f{i) 7^ 0} = : g{i) 7^ 0}. 

Proof. Let g € RI^^-^^I be the vector defined as follows: for any vertex x of T, 

g{x) = ^yf{x). 

Then, for any vertex x of T, 



a 



f^'^' y^x 



a 



9f{x) (as / is an eigenvector) 



f{u 
= Og{x). 

So g is the required vector. Clearly, g{x) = if and only if f{x) = 0, so g and / have the same 
support. □ 

Corollary 3.6 ([6, Theorem 3.4]). Let T be a tree. If u is 9-special then it is joined to at least two 
9-essential vertices. 

Proof. By definition, u has a 0-essential neighbor, say vu. By Proposition 13.41 there exists an eigen- 
vector / of T corresponding to 9 such that f{v) 7^ 0. By Proposition 13.41 again, f{u) = and so 
"llvr^u /(^) ~ This implies that f{v) 7^ on at least two neighbors of u. By Proposition 13.41 both 
of them are 0-essential. □ 

The following assertion follows from Theorem 13.21 and Proposition 13. 4[ 

Corollary 3.7 ([6l Corollary 3.3]). Let T he a tree and let 9 be a root of fj,{T,x). Suppose every vertex 
of T is 9-essential. Then every 9-eigenvector of T has no zero entries. 



5 



We also require the following partial analogue of the Stability Lemma for general root obtained by 
Godsil in [2]. 

Proposition 3.8 ([21 Theorem 4.2]). Let 9 be a root of fi{G,x) with non-zero multiplicity k and let u 
he a 9-positive vertex in G. Then 

(a) if V is 0-essential in G then it is 9-essential in G\ u; 

(b) if V is 9-positive in G then it is 9-essential or 9-positive in G\ u; 

(c) if u is 9-neutral in G then it is 9-essential or 9-neutral in G\u. 

4 Proof of the Stability Lemma for Tree 

This section is devoted to the proof of Theorem 13.31 which will follow from the following theorem. 

Theorem 4.1. Let T he a tree and let 9 he a root of fj,{T,x). Then there exists a 9-eigenvector f of 
T such that f{x) ^ for every 9-essential vertex x in T. Moreover, if v is 9-essential in T \ u where 
u is 9-special in T, then v is 9-essential in T . 

Proof. If every vertex of T is ^-essential, then the result follows from Corollary 13. 71 Therefore, we 
may assume that T has a ^-special vertex, say u. We proceed by induction on the number of vertices. 

Suppose 6i, . . . , 6s are all the neighbors of u in T. Then each hi belongs to different components 
of T \ n, say hi G V{Gi) where Ci, . . . are components of T \ u. 

First, we partition the set {1, . . . , s} as follows: 



A = {i '.hi \s ^-essential in Cj}, 

B = {i : i ^ A,9 \s a, root of /x(Cj, x)}, 

G = {l,...,s}\{A\JB). 

By the inductive hypothesis, for each i £ A, there exists a ^-eigenvector fi of Cj such that fi{x) ^ 
for every ^-essential vertex x in Cj. In particular, fi(bi) ^ for all i £ A. By Proposition 13.81 any 
^-essential vertex in T is also ^-essential in T\u, so for each i £ A, 

fi{x) / if X is 0-essential in T and x £ V{Gi). (2) 

For every i £ A, choose G M such that 

/ and Oi = 0. 

Such a choice is always possible since \A\ > 2 by Corollary 13.61 Now, applying Corollary 13.51 to each 
fi with i £ A, we obtain the eigenvectors gi of Cj such that gi{hi) = Oi ^ with both gi and fi having 
the same support. In particular, it follows from ([2]) that for each i £ A, 

gi{x) 7^ if X is 0-essential in T and x £ V{Gi). (3) 
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Also, for each i £ B,hy the inductive hypothesis, we can choose an eigenvector gi so that gi{x) ^ 
for every ^-essential vertex x in Cj. By Proposition 13.81 again. ^ also holds for every gi with i £ B. 
However, note in passing that gi{bi) = for sdl i £ B since bi is not ^-essential in Ci (by Proposition 

KM. 

Next, for each i £ C, set gi to be the zero vector on V{Ci). Note that ([3]) is satisfied vacuously for 
every gi with i £ C since there are no ^-essential vertices in the corresponding Ci. 

Finally, we extend these gi^s to an eigenvector of T as follows: define g £ mI^(-^)I by 

, , f gi(x) iix£V(Ci) foi some i £ AU B U C, 
9{x) = < „ 

ID it X = u. 

Since ([3]) holds for every gi, we must have g{x) ^ for every 0-essential vertex x of T. It is also readily 
verified that conditions in ([T]) are satisfied so that g is indeed a ^-eigenvector of T, as desired. 

Moreover, by our construction, if x is 0-essential in T \ u, then g{x) ^ 0. By Proposition 13.41 x 
must be ^-essential in T, proving the second assertion of the theorem 

□ 

Proof of Theorem [331 

Recall that n is a given 0-special vertex of T. By Proposition 13.81 it remains to show that if v is 
^-essential in T \ n then v is 0-essential in T. But this is just the second assertion of the preceding 
theorem. This proves the Stability Lemma for trees. 

Example 4.2. Let T be the following tree : 




The vertices are labeled vi,. . . ,vq and the symbols *, +, — below each vertex indicates whether it is 
0-neutral or 0-positive or 0-essential respectively where 9 = 1. Note that fi{T,x) = x — 8x^ + 20x^ - 
18x^ + 5x and mult(l,T) = 1. As the vertex is adjacent to a ^-essential vertex, is ^-special 
in T. By Theorem 13.31 upon deleting f 5 from T, all other vertices are 'stable' with respect to their 
0-partition classes: 

• • 

Vl V2 V3 V4 
• • • • 

• • 

However, this is generally not true if we delete a non-special vertex, for example, deleting ^3 from T 
gives the following: 
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5 Roots of Paths 

In this section, we prove some basic properties about roots of paths. 

Lemma 5.1. Let Pn denote the path on n vertices, n > 2. Then fi{Pn,x) and fi{Pn-i,x) have no 
common root. 

Proof. Note that fi{Pi,x) = x and fi{P2,x) = — 1, and so they have no common root. Suppose 
fi{Pn,x) and fi{Pn-i,x) have a common root for some n > 3. Let n be the least positive integer for 
which fi{Pn,x) and have a common root, say 6. Then and fi{Pn-2,x) have no 

common root. 

First we show that 9^0. Note that for any graph G, the multiphcity of as a root of its matching 
polynomial is the number of vertices missed by some maximum matching. Therefore, if n is even then 
Pn has a perfect matching, so cannot be a root of n{Pn, x). It follows that if n is odd then cannot 
be a root of fi{Pn~i,x). So ^ / 0. 

Let {vi,V2} be an edge in P„ where vi is an endpoint of the path P„. Note that Pn\vi = Pn-i 
and Pn \ viV2 = Pn-2- By part (c) of Proposition 12. H n{Pn,x) = xfi{Pn~i, x) — fj,{Pn~2,x), so is a 
root of iJ,{Pn-i,x) and /u(P„_2,a;), which is a contradiction. Hence fj,{Pn,x) and ^(P„_i,x) have no 
common root. □ 

Corollary 5.2. Let 6 be a root of ^{Pn,x). Then the endpoints of Pn are 0-essential. 



Proof. Suppose v is an endpoint of P„,. If v is 0-neutral or ^-positive in P„ then is a root of ^(Pn_i, x), 
a contrary to Lemma IS.li □ 

Corollary 5.3. Let 9 be a root of fi{Pn,x). Then Pn has no 9-neutral vertices. Moreover, every 
9 -positive vertex in Pn is 9 -special. 

Proof. Let v be a vertex of P„ such that it is not ^-essential. In view of Lemma 12. 4| it is enough to 
show that V has a ^-essential neighbor. By Corollary 15.21 v cannot be an endpoint of P„. Then Pn\v 
consists of two disjoint paths, say Qi and Q2. Let ui be the endpoint of Qi such that it is a neighbor 
of V in Pn. 

Consider the paths Qi and Qiv in P„. Since v is not 6'-essential, by Lemma 12.31 Qiv is not 
^-essential in P„. So the path Q2 = Pn \ Qiv has as a root of its matching polynomial. 

If Qi is not 0-essential in P„ then the path P„ \ Qi would also have as a root of its matching 
polynomial. Since Pn\Qi and Q2 differ by exactly one vertex, this contradicts Lemma [5. II Therefore, 
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Qi is a ^-essential path in P„. By Lemma 12.31 niust be ^-essential in P„. Since ui is joined to v, 
we deduce from Lemma 12.41 that v must be ^-special. □ 



6 Proof of Main Result 

We begin by proving the following special case. 

Proposition 6.1. Let T be a tree and mult(0,T) = 2. Let Q = {Qi,Q2} be a set of vertex disjoint 
paths that cover T. Then Q is {6, T)- extremal. 

Proof. Since T is a tree, there is an edge {u,v} £ E{T) with u £ V{Qi) and v £ V{Q2)- By Lemma 
E21 mult(6',Qi) = mult(6',T\ Qa) > mult(6',T) -1 = 1. Similarly, mult(6i,Q2) > 1- Therefore 6* is a 
root of fi{Qi,x) and fi{Q2,x). 

It remains to show that either u is ^-special in Qi or v is ^-special in Qa- If all vertices in T are 
0-essential, then mult(^,r) = 1 by Theorem 13.21 which is impossible. So, there must be a 6'-special 
vertex in T, say w. 

Suppose w = u. We shall prove that w is also ^-special in Qi. Note that m\i\i{0,T\w) = 3. liw is 
an endpoint of Qi then r\tt; is a disjoint union of two paths Qi\w and Qa- Since QiXw and Q2 cover 
T\w, we deduce from Theorem 11.11 that mult(0, T \w) < 2, a. contradiction. So w is not an endpoint 
of Qi. Removing w from Qi would result in two disjoint paths, say Ri and i?2. Note that T \ w is 
the disjoint union of Ri, R2 and Qa- By part (a) of Proposition 12. H mult(0,r\ w) = umlt{6,Ri) + 
mult(6',i?2) + mult(6', Qa)- By Theorem 11.21 and the fact that mult(0,r \ w) = 3, we conclude that 
mult(6',i?i) = umlt{e,R2) = mult(6l,Q2) = 1- Therefore, muh{e,Qi\w) = mult(6', i?i)+mult(6l, i?2) = 
2. This means that w must be ^-positive in Qi. By Corollarv 15.31 w is ^-special in Qi, as desired. 

The case w = v can be proved similarly. 

Therefore, we may assume that w ^ u,v. We now proceed by induction on the number of vertices. 
Without loss of generality, we may assume that w G V{Qi). As before, it can be shown that w is not an 
endpoint of Qi. So removing w from Qi results in two disjoint paths, say Si and 82- We may assume 
that u G V{S2). Then T\w is a disjoint union of and T' where T' is the tree induced by 5*2 and Q2. 
By Theorem II. 2 ( mult(0. Si) < 1. Since 5*2 and Q2 cover T' , by Theorem I l.H mult(6', T') < 2. As w is 
6'-special, m.ult{e,T\w) = 3. By part (a) of Proposition EH muh{9,T\w) = mult(6', Si) + mult(6', T'). 
We deduce that mu\t{9,Si) = 1 and mult(0,r') = 2. By induction, either u is ^-special in ^2 or v is 
0-special in Q2- In the latter, we are done. Therefore, we may assume that u is ^-special in ^2. So 
u is not ^-essential in Qi \ w. Since mult(0, Qi \ w) = mult(6'. Si) + mult(0, S2) = 2, w is ^-positive 
in Qi, so is ^-special in Qi by Corollarv 15.31 By the Stability Lemma for trees (Theorem 13. 3p . u is 
not 0-essential in Qi. By Corollary 15.31 ^ is ^-special in Qi. 

Note that the base cases of our induction occur when w = u or w = v. □ 

Theorem 6.2. Let T be a tree and umlt{6, T) = m. Suppose Q = {Qi, . . . , Qm} be a set of vertex 
disjoint paths that cover T. Then Q is {9, T)- extremal. 
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Proof. We shall prove this by induction on m > 1. The theorem is trivial if m = 1. If m = 2, then the 
result follows from Proposition 16.11 So let > 3. Since T is a tree, there exist two paths, say Qi and 
Qm, such that exactly one vertex in Qi is joined to other paths in Q and exactly one vertex in Qm 
is joined to other paths in Q. To be precise, let T' denote the tree induced by Q2, • • • , Qm~i- Then 
there is only one edge joining Qi to T' and only one edge joining Qm to T'. 

By Theorem 11.21 mult(0, T \ Qi) > mult(0, T) — 1 = m — 1. Let T" be the tree induced by T' and 
Qm, that is T" = T\Qi. Now T" can be covered by Q2, • • • , Qm- By Theorem ll.il mult(^, T") < m — 1. 
Therefore, mult(0,r") = m — 1. Moreover, m — 1 is the maximum multiplicity of a root of ijl{T",x). 
By induction, {(52, • • • > Qm} is {0, T \ (5i)-extremal. 

By a similar argument, {Qi, . . . , Qrn-i} is {0, T \ Qm)-extremal. Hence Q is {6, r)-extremal. □ 



Theorem 6.3. Let F he a forest and Q = {Qi, ■ ■ 
F. Suppose Q is {9, F)- extremal. Then iam[t{9 , F) 
multiplicity. 



■ ) Qm} be a set of vertex disjoint paths that cover 
= m and 9 is a root of iJ,{F, x) with the maximum 



Proof. Since F can be covered by m vertex disjoint paths, by Theorem I l.H we must have mult(a, F) < 
m for any root a of fi{F,x). It remains to show that imi\t{9, F) > m. 

An edge {u,v} of F is said to be Q-crossing if u and v belong to different paths in Q. If F 
contains no Q-crossing edges then F consists of m disjoint paths Qi, . . . ,Qm- Clearly, mult(9,F) = 
YliLi mult(^,(5i) = m, as required. So we may assume that there exists an edge {u,v} S E{F) such 
that u E V{Qi) and v £ V{Q2). Since Q is (0, F)-extremal, either u is 6'-special in Qi or v is ^-special 
in Q2. 

We now proceed by induction on the number of vertices. Suppose u is ^-special in Qi . Since u is not 
an endpoint of Qi, Qi\u consists of two disjoint paths, say Ri and R2. Since mult(6', Qi\u) = 2 and 
mult(0,i?j) < 1 for each i = 1,2 (by Theorem ll.2p . we deduce that um\t{9,Ri) = 1 for each i = 1,2. 
Note that {-Ri, R2, Q3, ■ ■ ■ , Qm} is a set of disjoint paths that cover F \ u. Recall that there are no 
0-neutral vertices in Qi. Moreover, by the Stability Lemma for trees (Theorem 13.31) . every ^-positive 
vertex in Qi remains ^-positive in Qi\u and every ^-essential vertex in Qi remains ^-essential in Qi \u. 
So every ^-special vertex in Qi remains ^-special in Qi \u. Consequently, {Ri, R2,Q3, ■ ■ ■ ,Qm} is 
{9, F \ n)-extremal. By induction, mult(^, F\u) = m + 1 and ^ is a root of fj,{F \ u, x) with maximum 
multiplicity. It follows from Lemma 11.31 that mult(^, F) > mult(^, F \ u) — 1 = m, as desired. 

The case when v is ^-special in Q2 can be settled by a similar argument. Note that the base cases 
of our induction occur when F has no crossing edges. □ 

Our main result Theorem 11.71 now follows immediately from Theorem 16.21 and Theorem 16.31 
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